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Abstract 

We shall construct the quantized ^-analogues of the birational Weyl group ac- 
tions arising from nilpotent Poisson algebras, which are conceptual generalizations, 
proposed by Noumi and Yamada, of the Backhand transformations for Painleve 
equations. Consider a quotient Ore domain of the lower nilpotent part of a quantized 
universal enveloping algebra of arbitrary symmetrizable Kac-Moody type. Then 
non-integral powers of the image of the Chevalley generators generate the quan- 
tized g-analogue of the birational Weyl group action. Using the same method, we 
shall reconstruct the quantized Backhand transformations of g-Painleve equations 
constructed by Hasegawa. As a byproduct, we shall prove that any subquotient 
integral domain of a quantized universal enveloping algebra of finite or affine type 
is an Ore domain. 
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Introduction 

The main theme of this article is a representation theoretic method for quantizing dis- 
crete symmetries of Painleve equations and isomonodromic deformations. Such discrete 
symmetries, often called Backlund transformations, play central roles in the theory of 
Painleve equations and isomonodromic deformations. We could expect that this is the 
case in quantum settings. 

In this article the term "quantization" means canonical quantization that replaces 
commutative Poisson algebras A cl with non-commutative algebras A and Poisson algebra 
automorphisms of A d with algebra automorphisms of A. If A cl is an integral domain 
and Q(A cl ) is the field of fractions of A cl , then a birational action of a group G on 
Spec*4 cl is identified with an algebra automorphism action of G on Q(A cl ). Therefore 
if a classical symmetry is represented by a birational action of G on a Poisson integral 
affine scheme, then its quantization should be an algebra automorphism action of G on a 
non-commutative skew field. 

Note that g-difference analogue (g-analogue for short) or g- difference deformation (q- 
deformation) does not always mean quantization. In this article we shall deal with four 
types of classical and quantum systems, ordinary differential versions of classical systems 
and their quantizations, and g-analogues of classical systems and their quantizations. 

Sections[]]and[2]are devoted to summarizing preparatory results on quantized universal 
enveloping algebras and localizations of non-commutative rings. We shall show that a 
quantized universal enveloping algebra of finite or affine type is an Ore domain (Theorem 
12. 14(1 . The q — 1 cases were treated in [23] and pp. Moreover we shall show that their 
subquotient integral domains are also Ore domains (Corollary 12.151) . In Section (3j we 
shall explain how to justify non- integral powers in fields of fractions along the lines of the 
work [6J by Iohara and Malikov. 

0.1 Quantized g-analogue of birational Weyl group actions 

In Section HI we shall construct a quantized g-analogue of the birational Weyl group action 
arising from a nilpotent Poisson algebra. 

A series of works by Okamoto [HI [20J, [211 122] showed that the Painleve equations 
P11, Pin, Piv, Pv, and Pyi have affine Weyl group symmetries of type C\ , A%~ , 
A3 , and respectively. Each of the affine Weyl groups birationally acts on dependent 
variables and parameters of the corresponding Painleve equation. Its birational actions 
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preserve the continuous flow generated by the Painleve equation and are called Backlund 
transformations. 

In [TJ], Noumi and Yamada generalized the birational affine Weyl group actions of 
type A^\ A3 , and D4 (the cases of Prv, Pv> an d Pvi) to the Weyl group associated 
to an arbitrary generalized Cartan matrix (GCM for short). If the size of GCM is equal 
to m, then the Weyl group birationally acts on a 2m-dimensional space of m dependent 
variables and m parameters. For each m ^ 2, they also constructed a system of differential 
equations with m dependent variables and m parameters on which the affine Weyl group 
of type A^_ x acts as Backlund transformations [15]. It is called a higher order Painleve 
equation of type A^_ v Following this work, Nagoya constructed its quantization in [13]. 

In jTTj , Noumi and Yamada also proposed the further generalization of the birational 
Weyl group action. 

Fix an arbitrary GCM. Let g be the Kac-Moody algebra associated to the GCM, f) its 
Cartan subalgebra, and n± its upper and lower parts ([7]). The Kostant-Kirillov Poisson 
bracket { , } makes the symmetric algebra 5"(n_) Poisson and hence n*_ = SpecS'(n_) 
is regarded as a Poisson scheme. Let J cl be an arbitrary Poisson prime ideal of 5'(ri_) 
and denote by Af = S(xi-)/J d the residue class ring modulo J cl . Then Aq is a Poisson 
integral domain and hence SpecAg 1 i s a Poisson integral subscheme of tl* . Denote by 
A d = A^ (8> 5(f)) the tensor product algebra of ^4q and S'(f)). The Poisson structure of 
Aq uniquely extends to that of ^4 cl so that 5*(f)) is Poisson-central in A cl . 

In [T7] , Noumi and Yamada constructed a birational Weyl group action on Spec A cl = 
Spec4.Q x f). They called Aq a nilpotent Poisson algebra. Spec4.Q and f) are identified 
with the space of dependent variables and that of parameters respectively. 

Let us explain the quantized g-analogue of the above setting. 

Let A = [ciij]i t j£i be a symmetrizable GCM symmetrized by a family {di}i^i of positive 
rational numbers. Denote by {ai} i£ i the set of simple roots and by {a^} i€ j the set of 
simple coroots. Let d be the least common denominator of {<ij}j g /. Set the base field F 
by F = Q(q 1/d ) and q l e¥by q, t = q d \ 

Let U q be the quantized universal enveloping algebra of type A over F, U q its Cartan 
subalgebra, and its upper and lower parts ([H]). Let J q be an arbitrary completely 
prime ideal of U~ and denote by A qt o = U~ / J q the residue class ring modulo J q . Assume 
that A q fi is an Ore domain. For example, if A is of finite or affine type, then A q $ is always 
an Ore domain. See Corollary 12.151 For the construction of examples for an arbitrary 
case, see Section YTM 

Denote by A q = A q ^ <8> U® the tensor product algebra of Aj,o and Ug. Then A q is also 
an Ore domain. Denote by Q(A q ) the skew field of fractions of A q . Let be the 

images in A q of the lower Chevalley generators {Fi} ieI of U~ . In particular, /j {i G /) 
satisfy the g-Serre relations. Assume that f\ 7^ for all i 6 /. 

Denote by Si the action on of the simple reflection Si G W for i 6 /. The action of 
§i naturally extends to the action on Q(A q ) so that Sj trivially acts on A qt o. 

In Section HI we shall obtain the following results: 

(1) For each i G /, the conjugation action 7(/*' ) of the non-integral power on 
Q(A q ) formally given by 7(/"* )x = xf { "* for x G Q(A q ) is well-defined. (See 
Section EJ) 

(2) For each i E I, define the operator acting on Q(A q ) by Si = §i o r ){f i ai ) = 
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lift ) ° Then Si (i G J) satisfy the defining relations of the Weyl group. In 
particular the braid relations of 5", (i G I) are derived from the Verma relations of 
the Chevalley generators. (See the proof of Theorem 14.31 ) 

Thus we can construct a Weyl group action on Q(A q ), which is the quantized g-analogue 
of the birational Weyl group action arising from a nilpotent Poisson algebra. For details, 
see Section HI 

0.2 Quantized birational Weyl group actions of Hasegawa 

In Section [5], we shall reconstruct the quantized (g-analogue of) birational Weyl group 
actions of Hasegawa [I]. 

In P|, Kajiwara, Noumi, and Yamada introduced a g-analogue of the fourth Painleve 
equation Pjy. It is called a g-Painleve IV equation gPrv- They also constructed a bira- 
tional action of the affine Weyl group of type A% preserving the discrete flow generated 
by gPiv- 

Based on this work, in [3], Hasegawa constructed the quantized g-analogue of the 
birational Weyl group action associated to an arbitrary symmetrizable GCM. 

Apparently Hasegawa's quantized g-analogues are different from those explained in 
the preceding subsection. But we can reconstruct the former by the same method as the 
latter. 

We follow the notation and the assumptions on a GCM, roots, and coroots, etc. in the 
preceding subsection. Assume that if i ^ j and ^ 0, then = ±1 and = — e#, 
and otherwise = 0. 

Let B g be the associative algebra generated by {kf 1 , fi}iei with following defining 
relations: 

b-b^ 1 — b _1 b- — 1 bb- — b b ■ 

kif S K 1 = <k*fj, f>J) 'I;' 

Note that the last formula is a sufficient condition for the g-Serre relation. Define the alge- 
bra Ug by Ug = F [{af , the Laurent polynomial ring over F generated by {af 

We identify a» with q** . Define the algebra A q by A q = B q ®B q ®U q) the tensor product 
algebra of B q , B q , and Ug. Then A q is an Ore domain and hence can be embedded in the 

skew field of fractions Q(A q ). 

Define fa, fa G B q ® B q by fa = fi ® 1 and fa = k^ 1 ® fa Note that fa + fa 
is the image of the coproduct of a lower Chevalley generator in the quantized universal 
enveloping algebra. Identify fa (g) 1, fa <£> 1, 1 ® 1 <8> a% G A q with fa, fa G B q ® B q , and 
Oj G Ug respectively. Define Fi G Q(A q ) by Fi = a~ l fa fa for i G I. Do not confuse these 

Fi with the lower Chevalley generators. Let A q be the subalgebra of Q(A q ) generated by 
{Fi, af x }i£i. Note that a, is central in the field of fractions Q(A q ) and 

FiFj = qf^FiFi. 

Therefore A q is also an Ore domain. We have Q(A q ) C Q(A g ). Denote by Si the action 
on Ug of the simple reflection Sj G W for i G /. Then we have §i(a,j) = a^a i atJ . The 
action of §i extends to the action on Q(A q ) by Si(Fj) = a^Fj. 
In Section we shall obtain the following results: 
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(1) For each % G J, the conjugation action 7 ((fu + fi2) a ^) of the non-integral power 
{fa + / i2 ) Q * y on Q04,) formally given by 7 ((/« + x = (f* + fa) a ?x(f a + 
fi2)~ ai for x G <3(Aj) is well-defined (Section l5.ip . 

(2) For each i G /, define the operator acting on Q(A q ) by 5^ = 5^07 + jfa) - "* ) = 
7 ((/a + fi2) ai ) °Si- Then 5j (z G J) satisfy the defining relations of the Weyl group. 
In particular the braid relations of S% (i G /) are derived from the Verma relations 
of {fn + fahei- (See Section E21) 

Thus we can construct a Weyl group action on Q(A q ), which coincides with Hasegawa's 
quantized g-analogue of the birational Weyl group action (Remark 15.31) . For details, see 
Section [51 

1 Quantized universal enveloping algebras 

In this section, we shall summarize widely known results on quantized universal enveloping 
algebras. We shall mainly follow Lusztig's book [TT] . 

1.1 Symmetrizable GCM and root datum 

A matrix A = [<%]iei with integer entries defined to be a generalized Cartan matrix (GCM 
for short) if it satisfies, for any i,j G I, (1) an = 2, (2) ^ if % 7^ j, and (3) = if 
and only if a%j = 0. Let A be a GCM. A is called indecomposable if, for any % 7^ j in /, there 
exists a sequence i , ii, . . . , i s G / such that i = i , a ikik+1 7^ (k = 0, 1, . . . , s — 1), and 
i s = j. If there exists a family {rfj} ig / of positive rational numbers such that djOjj = djciji 
for any i,j G J, then A is called symmetrizable and symmetrized by {di}j e /. If A is a 
GCM symmetrized by {di}i G i, then the transpose t A is a GCM symmetrized by {d," 1 },^/. 

Let A = [ay]j e j be a symmetrizable GCM symmetrized by {dj}ier- We say that A is 
of finite type (resp. 0/ affine fr/pe) if the symmetric matrix [dia^^i is positive definite 
(resp. semi-positive definite and not positive definite). All GCM's of finite and affine type 
are classified explicitly. For details, see Chapter 4 of [7]. 

Let A and Y be finitely generated free Z-modules and ( , ) : Y x A —>■ Z a perfect 
bilinear pairing. (X can be identified with Homz(Y,Z).) Let {a/}j e / and {cii}i & i be 
families of elements in Y and X respectively. A root datum of type A is defined to consist 
of (Y, A, ( , ), {o^jjg/, {cti}j g /) satisfying (a( , otj) = a^- for any z, j G I. Then a y and 
are called a coroot and a root respectively. The duaZ root datum of type *A is defined to 
be (A, y, ( , ), {ai} ie/ , {a 4 v } ie/ ). 

If {a/}i e / (resp. {aj}j £ /) is linearly independent in Y (resp. A), then the root datum 
called Y -regular (resp. X -regular) and the submodule of Y (resp. A) generated by {a^}i £ i 
(resp. {ai\i(zi) is called a coroot lattice (resp. a root lattice) and denoted by Q (resp. Q y ). 
We set A + = { A G A | (a^ , A) ^ for allz G / } and call its elements dominant. We set 

1.2 Braid group and Weyl group 

Let A = [o>ij]ijei be a symmetrizable GCM. 
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The braid group B(A) of type A is the group generated by {si} ieI with the following 
defining relations: for any % ^ j in J, 




These relations are called braid relations. 

The Weyl group W(A) of type A is the group generated by {sj} ie / satisfying the braid 
relations together with sj = 1 for all i £ I. When A is indecomposable, is finite if 

and only if A is of finite type. 

Denote by B the braid group of type A and by W the Weyl group of type A. 

For w G W, the length £(w) of w is the smallest integer p ^ such that there exists 
ii, . . . , i p G / with w = Sjj • • • Sj . Then • • • Sj p is called a reduced expression of w. 

If Sjj • • • Si p and Sj^ • • • are reduced expressions of w G W, then the equality Sj 1 • • • Sj p 
= Sj' x • • • Sj^ holds in the braid group B. Therefore the mapping from W to B sending 
w G W to the element of .B represented by a reduced expression of u> is well-defined. 

Let (Y, X, ( ,) , {a^} ie i, {ai} ie i) be a root datum of type A. Then the Weyl group 
W(.<4) acts on Y and X by Sj(y) = y — (y,ai)a^ for y G F and Sj(x) = rr — (0^,2;) a*. 
Moreover we have (w(y),x) = {y,w~ l (x)) for u> G y 6 7, and rr G X. 

If Sj 1 • • • Sj p is a reduced expression in W, then Sj p Sj p _ 1 • • • s^a^) G J^ie/ an d 
s i P s i P -i ■■ -Si 2 («n) G Eie/ Z ^o«i- 

Example 1.1 Assume that i, j G / and i ^ j. 

(1) If (aij,dji) = (0,0), then both sides of SiSj = SjSi are reduced expressions and 



(2) If (ajj, a.,j) = (—1, —1), then both sides of SiSjSi = SjSiSj are reduce expressions and 



(3) If (aijjCbji) = (—1, —2), then both sides of SiSjSiSj = SjSiSjSi are reduce expressions 





and 




< 



Sj(aJ) = 2a, v + a V, 
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(4) If (au,au) = 



ij,uji) — ^—1,-3), then both sides of SiSjSiSjSiSj 



expressions and 



SjSiSjSiSjSi are reduce 



SjSi(a^) = 3a^ + 2a), 
SjSiSj(aV) = 2a( + a), 
SjSiSjSi(Oj) = 3ay + a), 
^SjSiSjSiSj(a i ) = a i , 



l(«* v ) = «. y , 
Si(aV) = 3aV + a/, 



S i S j( a i / 



2«y + 



'J ' 



SjSjSj(aJ) = 3a^ + 2a 
SiSjSiSjfaY) = a 4 v + a] 

^SiSjSiSjSifaj) = a). 



,v 

V 

) 



These formulae shall be applied to the Verma relations. 



□ 



1.3 Kac-Moody algebra 

For details of Kac-Moody algebras, see Kac's book [7j. 

Let A = [ayjijgj be a symmetrizable GCM and (Y, X, ( , ), {a/}j 6 /, {ctjj-jg/) a root 
datum of type A. We set f) = C ®% Y and identify f)* with C © z X by ( , ). 

The Kac-Moody (Lie) algebra g associated to the root datum is defined to be the Lie 
algebra over C generated by Ei, (i e I) and H G f) with following defining relations: 

f) is an Abelian Lie subalgebra of g; 

[#, Sf] = (H, oci)Ei, [H, Fi\ = —(H, ai)Fi ion el, He f>; 

[E h Fj] = SijOii tor i,j el; 

ad(E i ) x - ai *E j = 0, ad(F i ) 1 -^F i = if % / j. 

Here we set ad(X)Y = [X,Y], for example, ad(X) 3 F = [X, [X, [X,Y}]\. The last two 
relations are called Serre relations. 

Denote by n + (resp. n_) the Lie subalgebra of g generated by {Ei} ie i (resp. {Fi} ie j). 
We call n± the upper and lower parts of g and E{ (resp. Fi) the Chevalley generators of 
n+ (resp. n_). The Abelian subalgebra f) is called the Cartan subalgebra of g. We have 
the triangular decomposition g = n_ © f) © n + of 0. Define the upper and lower Borel 
subalgebras b± by b± = f) © n±. 

We can define the Z-gradation of g by degS, = 1, degF; = — 1 (i e I) and degi? = 
(H e f)) and call it the principal gradation of g. Denote by g^ the degree-k part of g 
for k e Z. Then we have g = fceZ gfe, dimg fc < oo, n ± = fc>o g±fc, and fj = g . The 
induced Z-gradation U(g) = Q)keiU(.$)k is also called the principal gradation. Define 
the principal gradations of U(n±) by U(n±)±k = U(g)±k fl U(n±) for k G Z> . 

Assume that the root datum is F-regular and A-regular. Denote by g' the derived 
Lie algebra [g, g] of the Kac-Moody algebra g. Then g' is a finite dimensional Lie algebra 
(resp. a central extension of a (possibly twisted) loop algebra of a finite dimensional simple 
Lie algebra) if and only if A is of finite type (resp. of afline type). Then g is called a 
Kac-Moody algebra of finite type (resp. a Kac-Moody algebra of affine type or an affine 
Lie algebra for short). These lead to the following result. 

Lemma 1.2 Assume that the GCM A is of finite or affine type. Then {dimgk}kez 
bounded, namely there exists a positive integer N such that dimgfc ^ iV for all k G Z. 
Define the positive integers (k e Z> 0y ) by (n^i(l — ^)) N = YlT=o^k^^ k - Then 

we have dimU(n±)±k ^ for k e Z> . [] 
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1.4 g-Binomial theorem 

We define g-numbers, g-factorials, g-binomial coefficients, and g-shifted factorials as fol- 
lows: 



x 



q x — q 2 



n 



— for n G Z, 
g - g- 1 

n 

q \ = Y[[k} q for n G Z^ , 
fc=i 

Xl - l} q ■ ■ ■ [x - k + l] q 

k\~ W 



for k G Z> , 



(x) q , k = (1 + x)(l + q 2 x) ■■■{! + q 2{k ~ l) x) for k G Z^ , 

oo 

(a:), )0 o = (1 + x)(l + g 2 a:)(l + ga: 4 ) • • • = + g 2 ^). 

At=0 



Note that our g-factorials are different from usual ones defined by (x; q)k = YI^Jq^ — Q^x). 
Then we can prove the following lemma by induction on n. 

Lemma 1.3 (g-binomial theorem) Assume that x,y are elements of an Q(q)-algebra 
satisfying yx = q 2 xy. Then, for n = 0, 1, 2, . . 



{x + y) n = J^q 



k(n—k) 



k=0 

oo 

g fc ( n ~ fc ) 

k=0 



x k y n k 



X' 



•yfi-k _ ^ ^k(n- 



k) 



k=0 



x n ~ k y k . 



Moreover, if x is invertible, then, for n — 0, 1, 2, . . 
(x + y) n = x n (x- 1 y) qtn = x 



n i X V)q,oo _ (g X y)q,oo n 



(q 2n x 1 y) 9)00 (x 1 y) 



x 



q,oo 



where the infinite products cancel out except finite factors. 
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1.5 Quantized universal enveloping algebra 

Let A = [aij]ij e j be a symmetrizable GCM symmetrized by {di}i e i and (Y,X,(,), 
{a^}i £ i, {ai}i(zi) a root datum of type A. Let d be the least common denominator of 
{di} i& i. We set the base field F by F = Q(q 1 ^ d ) and qi G F by g, = q di . Then we have 
diCt{ G d^Y and we extend naturally the perfect bilinear pairing ( , ) : Y x X — > Z to 

Then the quantized universal enveloping algebra U q = U q (g>) associated to the root 
datum is defined to be the associative algebra over the base field F generated by E iy F iy 
q x for i E I and A G d~*Y with following defining relations: 

q° = 1, q x +K = q x q » for A, fi G d^Y; 

q x E iq ~ x = q {Xm) E u q X F iq ~ x = q- {X ' a ^Fi for i G I, A G d^Y; 
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E i F j -F j E t = S ij [a!] 9l = 6, 



k, - Kr 1 



ft - Qi 



l—Oi 



El" 1 ! 

k=0 

-<iij 



fc=0 



1 — a,- 



1 Cijj 



E^E-E^ ^ 



F^FF^ a * : ' 



— fori,jel; 
if / / ./: 

ifi/j, 



where we set fTj = gf 4 = q di °^ . The last two relations are called q-Serre relations. (For 
this definition, see Corollary 33.1.5 in In particular, we have KiEjKf 1 = g i * 3 Ej and 

KiFjK' 1 = q i a%3 Fj for i, j G I. By induction on m,n G Z> we can prove the following 
formula: 



min{m,n} 

E r> 

k=0 
min{m,n} 

E 



(n-k) 



(m—k) 



ol( — (m — k) — (n — k) 
k 



E 



(m—k) 



-J <?i 



k=0 



-a( — (m — k) — (n — k) 
k 



F 



(n-k) 



where we set E\ m) 
Denote by 



E™/[m]q\ and F^ n) = F?/[n] q \. (See Corollary 3.1.9 in [33].) 

), [/? = U ,(*>)) the subalgebra of U q 



U q (n^ 



(resp. U = U q 



U q (g) generated by {Ei} i£ i (resp. {Fi} i£ j, {q x } xed^y) ■ We call the upper and lower 
parts of U q and Ei, Fi the upper and lower Chevalley generators respectively. The com- 
mutative subalgebra U q is called the Cartan subalgebra of U q . We have the triangular 



decomposition U q = U~ <E> U q ® {/+ of L^. Note that are determined by the sym- 
metrized GCM only and their structure does not depend on the choice of a root datum. 
Define the upper and lower Borel subalgebras U q {b±) to be the subalgebra of U q = U q (g) 



generated by Uf- = U q (n± 



and U° 



U q (t)). Then we have U q (b±) 



U°< 



>0J. 



We say that U q is of finite type (resp. of affine type or affine for short) if A is of finite 
type (resp. of affine type). 

We can define the Z-gradation of U q by deg Ei — 1, deg F t = —1 (i E I) and deg q x = 
(A G d -1 y) and call it the principal gradation of U q . Denote by (U q )k the degree-Zc part 
of U q for fceZ. Then we have £/ g = © fceZ t4- Define the principal gradations of U^ by 
(U±) ±k = {U q ) ±k n f/± for fc G Z^ . Then we have U± = © fc => (t/±) ±fc . 

We can regard U q (resp. U^, U q ) as a g-deformation of the universal enveloping algebra 
U(g), (resp. U(n±), U(f))) of a Kac-Moody algebra (resp. its upper and lower parts n±, 
its Cartan subalgebra fj). 

Define the local ring Ai by Ai = { /(g 1 ^) G F = Q(g 1//d ) | / is regular at q x l d = 
1 } — Q(g 1//d ) H Qdg 1 ^ — 1]]. We regard C as an algebra over Ai by acting q on C as 1 
and denote the algebra C over A x by Ci. Assume that {yi, . . . , y^} is a Z-free basis of 
d _1 Y. Set [x)q = (1 — g 3S )/(l — g)- Then we have the following results. For the proof, see 
Sections 3.3 and 3.4 of [5J, for example. 



Lemma 1.4 Let U^ x be the subalgebra ofU q over Ai generated by {Ei, Fi} ie i and {(y^)q, q Vfl } 



Let U~i (resp. U k ) be the subalgebra of U q 



over 



vi (resp. U ) generated by {Ei} i€ i 



(resp. {Fi} ieI ) and U kl the subalgebra of U q over Ai generated by {q Vti , {ya) q } A a =i- Set 
(UD^iU^kDU^forkeZ. ' 
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(1) The multiplication gives an isomorphism U A Al U Al Al U£ —> U Al of Ai-modules. 

(2) (U A J k are free ^-modules and U Ai = ®Z=o( U Aj±k- 

(3) = Ai[(yi) ff , . . . , (y M ) q , Q~ v \ • • • , Q~ VM ] properly contains Ai[g ±2/1 , . . . , q ±yM }. 

(4) ¥ 0Al U Al = U q , F 0Al E/± = U±, ¥ 0Al (Ul) k = {Uf) k , and F0 Al ^ = U*. 

(5) Ci0 Ai ?7ai = ^(fl); Ci0 Al £^i = I7(n±), C 1 Al (C/ A b i ) & = U(n±) k , and C 1 Al ^ 1 = 

(6) dim F (f/ (J ± ) ±fc = rankA^f/fjifc = dim c U(n±)± k for k G Z^ . □ 

In particular, we obtain the following results. 

Lemma 1.5 Let A be a symmetrizahle GCM. A quantized universal enveloping algebra U q 
of type A is always an integral domain. If A is of finite or affine type, then dimw(U q ) k ^ 

Cf° for keZ^ , where N and Cf° are given in Lemma \1 . 2\ 

Proof. Assume that a,b G U q are non-zero. Then there exist A,/i G d~ x Y such that 
q x a, bq» G U q ® ¥[q y \ . . . , g»f ] ® [/+. Let {uf}^ be A r free bases of Cj. Set w° = 
(Z/Oq 1 • • • {vm)^ m for /i = (/ii, . . . ,fx M ) G (% ) n . Then {uJ} Me (z^ )« is an Ai-free ba- 
sis of Ai[(yi)„ {y M ) q \. Note that ¥[q y \ . . . , = F[(j/i), ~ . . , {y M ) q \- Because 
of Lemma 11.41 (CQ) and (HI), we can uniquely write q x a and 6g M in the following forms: 
Q X a = Y, r ^s^,w u r u l u ti h( f = Y,r^s d r^s u r u l u t (c r ^ s ,d r ^ s G F = Q(g 1/d )), where 
only finitely many c rjAtjS and rf riAtiS are non-zero. Since any c G F x is uniquely expressed 
as c = (q — l) _fc c with k G Z and c G Af (i.e. c G Ai and c(l) 7^ 0), we set ord(c) = k 
and ord(0) = —00. Setting I = max{ord(c SiMjS )} and m = max{ord(ef S)/Lt)S )}, we have 
(q - l) l q x a, (q - l) m bq^ G *7 Al A iAi[(yi) 9 , . . . , (yAr)g]0Ai^Ai- Moreover their images in 
Ci0 Al U Al = U(q) are non-zero and hence their product in U(g>) is non-zero. Therefore 
(q — l) m+l q x abq^ 7^ 0, namely ab 7^ 0. This means that U q is an integral domain. The 
second statement immediately follows from Lemma [1.41 fl6l). [] 

If the root datum is F-regular and X-regular, then the highest weight integral repre- 
sentations of g are deformed to those of U q . For details, see Chapter 33 of [H] and Section 
3.4 of 0. 

We can define the coproduct A : U q — > U q ®U q (an algebra homomorphism) , the counit 
e : U g — » F (an algebra homomorphism), and the antipode S : U q — > U q (an anti-algebra 
automorphism) by 

A(Ei) = Ei<g>Ki + l®Ei for i G I, 
A(Fi) = F { ® 1 + Kr 1 ® Fi for z G /, 
A(g A ) = g A <g> g A for A G d~ x Y , 

e(Ei) = 0, e(i^) = 0, e(q x ) = 1 for i G J, A G d~ x Y , 

S{Ei) = -EtKr 1 , 5(F) = -K^, S(q x ) = q~ x for % g 7, A G d" 1 ^ 

These give a Hopf algebra structure on i7 9 . 
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Remark 1.6 The above definition of a Hopf algebra structure on U q is different from 
that in Lusztig's book [II] . Denote by A L , e L , and S L the coproduct, the counit, and the 
antipode of [IT] respectively. We can uniquely define the involutive algebra automorphism 
00 of U q by u(Ei) = F i: u(Fi) = E h oo(q x ) = q~ x for i G I, A G d~ l Y . Then the Hopf 
algebra structure of [H] is related to ours by A L = (uj ® uj) o A o u>, e L = e o u, and 
S L = uj o S o ijj. Q 

Example 1.7 (afRne gl, m case) Assume m G Z> 2 and set / = {0, 1, . . . ,m — 1}. Let 
Y be the free Z-module generated by {e i }'^ =11 c, and d. Let A be the dual lattice of Y . 
Define the non-degenerate symmetric bilinear form ( , ) : Y x Y — > Z by £j) = 
(c, d) = 1, and (ej, c) = (£j,c£) = (c, c) = (d, d) = 0. We can identify A with Y by (,). 
We set = cti = E{ — £j_x for i = 1, . . . , m — 1, «q = o,q = c — E\ + e m . Define the matrix 

-^m-i by A^-i = [a>ij] = Q^Okier- If = 2, then aoo = an = 2 and aoi = flio — — 2. 
If m ^ 3, then a.y = 25^- — — — f^o^m-i — ^o^i.m-i- Thus is a symmetric 

GCM and (Y, X, ( ,), {a^j-jg/, is a "K-regular and A-regular root datum of type 

A < ^_ 1 . The Kac- Moody algebra associated to the root datum can be identified with the 
affine Lie algebra gl m = gl m (C[t, t -1 ]) © Cc © Ctd/dt by 



Ml 



E = tE m i, F Q = t^Ei 
Ei = E i)i+1 , Fi = E i+1A for % = 1, . . . , m - 1, 
Si = En for i — 1, . . . , m, d = td/dt, 

where E^ = 1, ...,m) are unit matrices. We set all di = 1. The quantized uni- 
versal enveloping algebra associated to the root datum is called the quantized universal 
enveloping algebra of g\ m and denoted by U q (gl m ). Q 

Example 1.8 (affine sl m and psl m cases) Assume m G Z> 2 and set I = {0, 1, . . . , m — 

1}. Let A^_ x = [aij]ij 6 / be the symmetric GCM given above. We set all di = 1. Let Y 
be the free Z-module generated by {a^}™^ 1 , c, and d. Let X be the dual lattice of Y. 
Define the non-degenerate symmetric bilinear form ( , ) : Y x Y — > Z by (a 4 v , aj) = a^-, 
(c,d) = 1, and (a 4 v ,c) = (aiY,d) = (c, c) = (d,d) = 0. Identifying X with a sublattice of 
f) = C0zY by ( , ), we have Y S A. Define G A for j G / by (a/, acj) = a^-, (c, atj) = 0, 
(d, atj) = 5jo for z,j G /. Then (Y, A, ( , ), {a^}j e /, {ai}^) is a Y-regular and A-regular 
root datum of type A^_ v The Kac-Moody algebra associated to the root datum can be 
identified with the affine Lie algebra sl m = sl m (C[t, t -1 ]) © Cc © Ctd/dt by 

Eq = tE m i, Fq = t 1 Ei m , 
Ei = E iA+1 , Fi = E i+ ij for i = 1, . . . , m - 1, 
o% = En - E i+1>i+ i for % = 1, . . . , m - 1, 
«o = c — -En + -Emm, ^ = td/dt. 

The quantized universal enveloping algebra associated to the root datum is called the 
quantized universal enveloping algebra o/sl m and denoted by U q (s\ m ). Associating to the 
dual root datum (A, Y, (,), {aj}j g /, {a/}^), we define the quantized universal enveloping 
algebra t/ ? (psl m ). □ 
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1.6 Adjoint action 

For an arbitrary Hopf algebra H, the adjoint action ad : H — > End if is denned by 
ad(x)y = J2( x ) %(i)yS(x(2)) for x, y G H, where A(x) = ^(^(i) ® x (2) (the Swedler 
notation). 

In a quantized universal enveloping algebra U g , we have 



ad(Ei)x = EixK { 1 — xE i K i 1 for i E I, x E U g , 
ad(Fi)x = Fix - K~ x xKiFi for i G I, x G 
ad(g A )x = g A xg~ A for A G tT 1 Y', x G C/ g . 

Setting x = Fi0l and £/ = Kf 1 ® F, we have yx = gfxy. Using the g-binomial theorem, 

n n 

we obtain A(F) n = £gf (n ~ fe) [£] q F?- k K~ k ® K\ and hence (1 ® S)(A(F?)) = £(-l) fe 

fc=0 

9* (n_1) [3 F i~ kK i k ® We conclude that 



fc=0 



ad(F 4 ) n x = ad(F- n )x = ^(-l) fc gf (n_1) 

fe=0 

In particular, we have 

n 

(1.2) ad(F,)^ = Y^{-l) k q k{n ~ 1+ai]) 

k=0 



F n-k K -k xR k F k 



pn-kp.rpk 
r i r J r i ■ 



Hence the g-Serre relations for Fi (i G I) are rewritten as ad(Fj) 1 ^Fj = for i ^ j. 
Similar results hold for Ei (i G I). The following lemma is equivalent to Formula (14) of 

®- 

Lemma 1.9 ([6]) Assume that x G U q and K~ l xKi = qfx. Then 



(k+a)(n-k) 



k=0 



ad(F l ) k (x)Fl l - k forneZ> , 



where the left-hand side is a finite sum with respect to k = 0, 1, . . . , n. In particular, if 
i j in I, then 



(k+a i: j)(n-k) 



k=0 



S ,d{F l )\F, j )Fr k forneZ^o- □ 



The first formula of this lemma is proved by induction on n. The case for n — 1 leads to 
the cases for any n G Z >0 . The second immediately follows from the g-Serre relations. 
The following example can be found as Formula (24) of [Bj. 

Example 1.10 ([6J) If a {j = -1, then 

F?F S = q~ n F 3 Fl + [n] qi ad(Fi)(Fj)F™ - 1 
= [1 - n^FjF? + [n} m F t F 3 Fr l . □ 
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1.7 Verma relations 

Let A = [aij]i,jei be a symmetrizable GCM symmetrized by {di}i & i and (Y,X,{,), 
{a/}i e i, {ati}i£i) a V-regular and X-regular root datum of type A. 

Denote by W the Weyl group of type A and by Sj (i G I) its generators. Denote by 
U~ the lower part of the quantized universal enveloping algebra associated to the root 
datum and by Fi (i G J) its Chevalley generators. Let A G X + . 

Assume that s^s^ ■ ■ ■ s in is a reduced expression in W. We set k p G Z for p = 
l,2,...,n by 

For examples, k n = « t , A), fe n _i = (sj^a^.J, A), fc n _ 2 = (^ n s in _ 1 (a 4 v n 2 ), A), and so on. 
Since s in • • • s ip+1 s ip is also a reduced expression, Sj n • • • s ip+1 (atf) G Y^iei '^ J >o a 'i ■ Therefore 
k p G Z> for p = 1,2, ... ,n. 

Assume that s^s^ ■ ■ ■ Sj n is another reduced expression with s^s^ ■ ■ ■ s in = s^s^ ■ ■ ■ 
Sj n . We similarly set l p G Z for p = 1, 2, . . . , n by 

lp — { S jn S jn-l ' ' ' + ty- 

Then we have the following identity in U q : 

H 1) F hl F k2 ■ ■ ■ F kn = F h F l2 ■ ■ ■ F ln 

v / n u »n 31 h On' 

Furthermore the sequence ((zi, k±), (12, k 2 ), . . . , (i n , k n )) is equal to the sequence ((ji, 
(32, h), ■ ■ ■ , (jn, In)) up to permutation of order. In order to prove these results, it is 
sufficient to show them for each pair of reduced expressions in Example 11.11 For the proof, 
see Section 39.3 of [UJ and Lemma 2 of |2J. These results are called Verma relations. 

Example 1.11 (Verma relations) Assume that i,j G I and i 7^ j. Let k and / be 
arbitrary non-negative integers. Then Example 11.11 leads to the following formulae of the 
Chevalley generators of U~: 

(1) F*F}=F*F*Ti K,a„) = (0,0); 

(2) FlF*+ l Ff = F k F k+l Fj if (a {j , a j{ ) = (-1, -1); 

(3) F k F 2k + lpk + l F i = F i F k+i F 2k+i F k if (a .. )a ..) = (-1,-2); 

(4) F k F 3k + l F 2k + lp3k + 2l F k+l F l = F l F k+l F 3k+2l F 2k+l F 3k+l F k if fa.^..) = (_!, _ 3 ). 

These formulae shall be used in the construction of the quantized birational Weyl group 
actions. fj 

Remark 1.12 For ft, . . . , ft G Y. %e i z ^o« 4 V , denote by F^ ■ ■ ■ F^ the mapping from 

X + to U~ sending A to F^ 1,X} ■ ■ -F^"'^. We introduce the formal symbols (i G I) 

satisfying the braid relations and s~ 1 F^ J Si = Fj 3 \ Then the Verma identity (jl.3p can 
be formally rewritten in the following form: 

2. F n s- F 12 ■ ■ ■ s- P * n — 5 • P Jl 3 • P 32 ... a . F 3n 

bt 2 r i 2 b ^ r i n ~ °3l r 31 °32 r 32 b 3n r j n ■ 
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This means that SiF?* (i G I) formally satisfy the braid relations. Moreover, if we have 
sf = 1 and F { F^ = 1, then we obtain, at least formally, 



s F a * s-F" 1 = s 2 F- 



This means that SiF i 1 (i G I) formally satisfy the defining relations of the Weyl group. 
If we can justify the above heuristic consideration, then we can construct the braid or 
Weyl group representations. [] 



2 Localizations of non-commutative rings 

In this section, we shall summarize results on localizations of non- commutative rings 
necessary to quantize birational actions. Most of the proofs omitted below can be found, 
for examples, in Chapter 10 of [3] and Chapter 2 of [12]. 



2.1 Localization at an Ore subset 

Let A be a (possibly non- commutative) ring. A is called an integral domain (or a domain 
for short) if A ^ and the products of non-zero elements of A are always non-zero. A 
proper two-sided ideal I of A is called completely prime if A/ 1 is an integral domain. We 
say that A is left Noetherian if there is no infinite properly ascending chain of left ideals 
of A. A right Noetherian ring is similarly defined. 

A subset S of A is called multiplicative if S contains 1 and is closed with respect to 
multiplication. Let A be an integral domain and S its multiplicative subset. We say that 
S satisfies the left (resp. right) Ore condition if Sa fl As ^ (resp. aS fl sA ^ 0) for any 
a £ A and s G S. A multiplicative subset satisfying the left (resp. right) Ore condition is 
called a left (resp. right) Ore subset for short. A left and right Ore subset is simply called 
an Ore subset. 

Assume that S is a left Ore subset of A. Then we can define the ring S~ 1 A as follows. 
As a set, S^A is defined to be the quotient set (S xA)/~ where the equivalence relation 
~ is defined by (s, a) ~ (s',a f ) <^ there exists u, v! G A such that us = u's' G S and 
ua = u'al '. Denote by s\a the element of S^A represented by (s, a) G S x A. We can 
define the ring structure of S _1 A by 

(s\a)(s'\a) = (s" s)\(a" a!) , s"a = a"s', a" G A, s" G S; 
s\a + s'\a = (us)\(ua + u'a'), us = u's' , u G A, u G S. 

Identifying a G A with l\a G S~ X A, we can embed A into S^A Then the ring S~ X A 
contains A as a subring and satisfies that any element of 5* is invertible in S~ X A and 
S~ X A = { s~ l a = s\a | s G S, a G A }. Furthermore 5 ,_1 t4 has the following universality: 
for any ring B and any ring homomorphism / : A —>■ B with the property that f(s) is 
invertible in B for any s £ S, there exists a unique ring homomorphism : S~ l A — > 
with = /. In particular S^A is uniquely, up to isomorphism, determined by A and 5". 
We call S _1 A the left localization of A at S. If S 1 is an Ore subset, then the left localization 
at S can be identified with the right one, namely S'^-A = { as' 1 \ s G S, a G A }. 

Lemma 2.1 Let A be an integral domain generated by {aj}j e j over a field ¥ and S its 
multiplicative subset generated by Then we have the following results: 
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(1) If Sa H Asi 7^ for any a G A and % G /, t/ien S is a left Ore subset of A. 



(2) Assume that for any % G J, j G J, and n G Z >0; t/iere exists N G Z >0 wift 



s^a,- G As™. T/ien /or any i G /, a G A, and n G Z >0; i/iere exists N G Z >0 



sfa G As". Therefore S is a left Ore subset of A. 

Proof. (JT]) Take z'i, . . . , i n G I. By induction on n, let us show that Sa fl A/j n • • • 7^ 
for any a G A. The case of 77 = 1 is just the the assumption. Assume that it holds for 
n — 1. Then there exist t G S and b E A with ta = bfi n _ 1 ■ ■ ■ fi x - By the case of 77 = 1, 
there exist c G A and u & S with 176 = c/i„ . Then ut £ S and Tjta = c/* n • • • fi x . 

([2]) Fix any i 6 /. Let A be the subset of A consisting of the elements a G A such 
that for any n G Z>o there exists iV G Z>o with s^a G As™. It is sufficient for the 
proof of the first statement to show that A is a subalgebra of A. Take any a,b £ A. 
For any 77 G Z >0 , there exists M, N G Z >0 such that sf f a G As" and sfb G As™. Then 
sf f+iV (a + b) G As™ and hence a + 6 G A. There exists L G Z >0 such that sfa G As^. 
Then sfafr G Asfb C As™ and hence ah G A. We have shown that A is a subalgebra of 
A. The second statement follows from (CQ). fj 

Example 2.2 (the inverse of Fj) Consider a quantized universal enveloping algebra U q 
and its lower part U~ . Let J be any subset of / and Sj the multiplicative subset generated 

by {Fj}j e j. Using Formula (11 .11) . Fiql = q X+( ~ X ' a ^ Fi (A G d^Y), and the g-Serre relations 
of {Fi} i( zi, we can find that both (U~, Sj) and (U q , Sj) satisfy the assumption of Lemma 
12.11 ([2]). Therefore Sj is a left Ore subset of U~ and U q . The anti-algebra involution 
given by F; 1— > Fj, F; 1— >■ Fj (z G /) and g A 1— »■ g~ A (A G proves that Sj is also a 

right Ore subset of U~ and By the universality of S^Ug, we can regard Sj U~ as 
a subalgebra of S^Uq. For J = . . . , i r }, we denote S^ l U q by t/jFr 1 , . . . , Fr ] and 

V'", i-v/ „ /•;,' /;. ; . ' ' ' ' ' □ 

Using the inverse of Fj, we can state the following generalization of Lemma 11.91 for 
negative integral powers of Fj. 

Lemma 2.3 Assume that x G U q , K^xKi = qfx, and ad(Fj) fe x = for sufficiently large 
k. Then we have the following formula in U q [Ff ]: 



00 

(k+a)(~n-k) 



ad(F) fc (x)F"- fc forneZ, 



fc=0 

where the left-hand side is a finite sum. In particular, if i 7^ j in I , then 



(k+aij)(n—k) 
i 

k=0 



ad(F) fe (F ? )F™- fc forneZ. Q 



Proof. The second formula immediately follows from the first formula and the g-Serre 
relations. By Lemma [1.91 we can assume that 77 is negative. By induction on N G Z >0 , 
we can obtain the following formula: 

N-l 

F^x = ^(-l) fc gr( fc+1 )( fc + a )ad(F) fc (x)Fr( fc+1 ) 

k=0 
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+ q ~ N{N ~ 1+a) Fr' a d(F t ) N (x)Fr N . 

Since ad(Fj) fc (x) = for sufficiently large k and [~ k ] . = (— l) fc , the first formula for 
n = — 1 has been proved. This leads to the first formulae for all negative n by induction 
on —n. [] 

2.2 Ore domains 

An integral domain A is called a left (resp. right) Ore domain if Aa C\ Ab ^ (resp. 
aA (1 bA ^ 0) for any non-zero a,b G A. In other words, an integral domain A is a left 
(resp. right) Ore domain if and only if A \ {0} is a left (resp. right) Ore subset. A left 
and right Ore domain is simply called an Ore domain. 

Assume that A is an Ore domain. Let K be the localization of A at A \ {0}. Then 
K is a skew field and K = { s~ l a | a, s G A, s ^ 0} = { as -1 | a, s G A, s ^ }. We call 
.fT the (skew) field of fractions of A and denote K by Q(A). 

Lemma 2.4 (2.1.15 of |12j ) A left (resp. right) Noetherian domain is a left (resp. right) 
Ore domain. In particular a left and right Noetherian domain is an Ore domain. [] 

Example 2.5 The following are left and right Noetherian domains (Chapter 1 of [12]): 

(1) the skew polynomial ring R[x; a, 5} associated to a left and right Noetherian domain 
R, an algebra automorphism a of R, and a cx-derivation 5 of R (5(ab) = 5(a)b + 
a(a)5(b) for a, b G R), defined to be the ring generated by a G R and x with defining 
relations: (a) R is a subring of a, 5], (b) a;a = a(a)x + 5(a) for a e R; 

(2) the skew Laurent polynomial ring R[x, x , a] associated to a left and right Noethe- 
rian domain R and an algebra automorphism a of R, defined to be the ring generated 
by a G R and x with defining relations: (a) R is a subring of R[x, x^ 1 ; a], (b) 
xa = a(a)x for a & R, (c) = x _1 a; = 1; 

(3) the Weyl algebras over a filed F of characteristic generated by x\, . . . , x n , dx, . . . , d n 
with defining relations: XiXj = XjXi, didj = djdi, and diXj — Xjdi = Sy] 

(4) the universal enveloping algebra U (g) of any finite dimensional Lie algebra q over a 
field. 

Let F be a field and G F x for i,j = 1, . . . ,n. Assume that qu = 1 and q^ = q^ . 
From the first and second examples above, we obtain, by induction on n, the following 
examples of left and right Noetherian domains respectively: 

(5) the g-polynomial ring over F defined to be the algebra over F generated by xi, . . . , x n 
with defining relations XjXi = qijXiXj for any 

(6) the g-Laurent polynomial ring over F defined to be the algebra over F generated by 
xf 1 , . . . , x^ 1 with defining relations x~ x Xi = XiX~ x = 1 for any i and XjXi = q^XiXj 
for any 

All of these examples are Ore domains. [] 

In the next subsection, we shall deal with Ore domains which are not always left and 
right Noetherian. 
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2.3 Tempered domains 

Let A be an associative algebra over a field F and {FkA}^L a family of F-vector subspaces 
of A. Set A k = for k G Z <0 . We say that {F k A}%L is a filtration of A if F A C F X A C 
F 2 A C • • • , {j k=G F k A =A,le F A, and F k AF t A C F fc+l 4 for any fc, /. Let {F k A}f =Q 
be a filtration of A. Set gr fc A = F k A/ F k _iA and grA = ©^l gr fc A Then gr A has 
a natural graded algebra structure. If gr A is an integral domain (resp. left Noetherian, 
right Noetherian), then A is so. 

Definition 2.6 (tempered domain) An associative algebra A over a field F has a 
slowly increasing filtration if there exists a filtration {F k A} k x L Q of A such that limsup fc 
(diniF FkA) 1 ^ ^ 1. This is equivalent to the condition that dimFgr fc v4 < oo for all k 
and limsup fc (diniFgr fc A) l l k ^ 1. See Remark 12.81 (TXT) below. An associative algebra with 
slowly increasing filtration is called a tempered algebra for short. In addition, if A is an 
integral domain, then A is called a tempered domain. [] 

From the definition we can immediately obtain the following result. 

Lemma 2.7 Assume that A is a tempered domain over a field. Then subalgebras of A 
and quotient integral domains of A are also tempered domains. fj 

Remark 2.8 Let {afc}j£L be a sequence of complex numbers and p the convergence 
radius of the power series YlT=o a k zk ■ The Cauchy-Hadamard theorem says limsup fc 
I «fc 1 = p _1 . The absolute convergence of J2T=o ak i s equivalent to the condition that, 
for sufficiently large k , the infinite product YYk=k 0- + a k) is absolutely convergent to a 
non-zero complex number. Therefore the following conditions are mutually equivalent: 

(a) limsup fe | o-fc | 1//fe < 1. 

(b) There exists a holomorphic function in \z\ < 1 such that its Maclaurin expansion is 
equal to J2T=o a k zk - 

(c) For sufficiently large k , the infinite product n&lfco(l + a kZ k ) is absolutely and 
uniformly convergent in wide sense to a non- vanishing holomorphic function in \z\ < 
1. 

These observations lead to the following results: 

(1) limsupk | ctfc 1 1 / fe < 1 implies limsup fc \a + ai + • • • + a^ 1 ^ ^ 1. 

(2) Fix N E Z. Then limsup fc |afc| 1//fc ^ 1 is equivalent to limsup fc \ a k \ l ^ k+NS> ^ 1. 

(3) Assume that \a k \ ^ 1 for all k. For any positive integer N, define the sequence 
{frfc^j-^Lo °f complex numbers by the Maclaurin expansion (rifc^=o(-'- — a k zk )) — 
Y,T=o h k N)zk in k| < 1. Then limsup fc \b k \ l l k ^ 1. 

(4) Set c k = Yli=o a ibk-i- Then limsup fc | «A: | ^ 1 and limsup fc |6fc| 1,/A: ^ 1 implies 
limsup fc |cfc| 1//fc ^ 1. fj 

Rocha-Caridi and Wallach found the following criterion of Ore domains (Lemma 1.2 of 
|23j ) to prove that the universal enveloping algebras of affine (or Euclidean) Lie algebras 
are Ore domains. 
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Lemma 2.9 ( |23| ) A tempered domain over afield is always an Ore domain. 

Proof. Let A be an integral domain over a field F and {FkA}^L an arbitrary increasing 
filtration of A. Assume that A is not an Ore domain. Then there exist r e Z> and 
non-zero a, b G F r A such that Aa D Ab = or fl feA = 0. Assume that v4a D Ab = 0. 
Set afc = dim^FfcA and take k e Z> so that a ko ^ 1. Since (F fc A)a + (F k A)b C -Ffc+ r ^4 
and (F k A)a n = 0, we have a fc+r = dim F F fc+r A > dim((F k A)a © = 2a k 

and hence afc 0+pr > 2 p a ko ^ 2 P , i.e. 0^+1^ = 2 1 / 1 " > 1 for all p e Z> . This leads to 

lim sup fc a k ^ k ~ ko ^ > 1 and hence Remark 12.81 (|2|) shows lim sup fc ajj/ fc > 1. Therefore A 
is not tempered. When aA (1 bA = 0, similarly A is not. We complete the proof of the 
lemma. [] 

Example 2.10 Let A be a q-Laurent polynomial ring over a field. (See Example \2.5l ) 
Then A is a tempered domain. Therefore its subalgebras and quotient integral domains 
are also tempered domains. Furthermore all of these are Ore domains. [] 

Remark 12.81 (j4]) immediately lead to the following result. 

Lemma 2.11 For any tempered algebras A and B over a field F, the tensor product 
algebra A® B over F is also tempered. Therefore, if A is a tempered domain and B is a 
q-polynomial or q-Laurent polynomial ring, then A® B is also a tempered domain. [] 

Theorem 2.12 The following algebras are tempered domains: 

(1) the universal enveloping algebras U(n±) of the upper and lower parts n± of a Kac- 
Moody algebra of finite or affine type (Theorem 1.10 of f23lj). 

(2) the upper and lower parts Uf- of a quantized universal enveloping algebra of finite 
or affine type. 

Therefore these are Ore domains. 

Proof. Denote U(u±) or by A. Let us define a filtration of A by using principal 

gradations. Set F k A = 0f =o U(n ± ) ±i if A = U(n±) and F k A = ® k i=0 (U±) ±i if A = U}. 
Then {FkA}^^ is a filtration of A. Because of C/(n_) and U~ are of finite or affine type, 
from Lemma [L2l and Lemma \1. 51 together with Remark 12.81 (|3l). we obtain that {F k A\ k ^L {) 
is slowly increasing. This means that A is a tempered domain. Therefore Lemma 12.91 
completes the proof. [] 

In [TJ, Berman and Cox showed that the universal enveloping algebras of Kac- Moody 
Lie algebras of affine type, as well as those of toroidal Lie algebras, are tempered domains. 
Using an associative algebra version of Lemma 1.4 (a) in [TJ, we shall show that quantized 
universal enveloping algebras of affine type are also tempered domains. 

Lemma 2.13 Let A be a domain over a field and A^ and A its subalgebras. Assume 
that A ± and A have a slowly increasing filtration denoted by {FiA^}^ and {FiA°}°Z 
respectively. Assume that these satisfy the following conditions: 

(a) The multiplication gives an isomorphism A~ <g> A <g> A + A A of vector spaces. 
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(b) F j A°F l A~ = FiA~FjA° and F k A + F m A° = F m A°F k A + for any j, k, I, m. 



(c) F k A+F t A- C Z7=oF l . p A-F p A°F kP A + for any k,l 
Then A is also a tempered domain and hence an Ore domain. 

Proof. Using the above conditions, we can define a nitration {FiA}^ of A by F\A = 
Y.i+j+k=i FiA~FjA°F k A + . From Remark ESQ we obtain that {F t A}^t is slowly increas- 
ing and hence A is a tempered domain. Therefore Lemma 12.91 completes the proof. fj 

Theorem 2.14 The following algebras are tempered domains: 

(1) the universal enveloping algebra U(g) of a Kac-Moody algebra of finite or affine type 
(part of Proposition 1.7 of \T$), 

(2) a quantized universal enveloping algebra U q of finite or affine type. 
Therefore these are Ore domains. 

Proof. Since U (g) and U q are integral domains, it is sufficient for the proof to construct 
slowly increasing nitrations of U(g) and U q . 

First we assume that A = U(g), a Kac-Moody algebra of finite or affine type. Set 
A ± = U(n±) and A = U(t)). Using the principal gradations of U(n±), we can define 
the increasing nitrations {F k A ± } k x L Q of A^ by F k A ± = ® i=0 U(n±)± k . Then we can find 
from the proof of Theorem 12.121 that {FkA ± }'f£ =0 are slowly increasing. Let {yi, . . . ,Vm} 
a basis of f). Define the degree by deg?/j = 1 for i = 1, . . . , M. Let F k A° be the subspace 
of A = U(t)) = C[yi, . . . ,Vm] spanned by the elements of degree ^ k. Then {F fe y4 }£i 
is a slowly increasing filtration of A . These satisfies the conditions (a), (b), and (c) of 
Lemma 12. 131 Therefore A = U(g) is a tempered domain. 

Second we assume that A = U q , the quantized universal enveloping algebra associated 
to a root datum (Y, Z, ( , ), {a/jig/, {aj}j e /) of finite or affine type. Using the principal 
gradations of U^, we can define the nitrations {F^A 1 * 1 }^ of A ± by F k A ± = ©f =0 (^)±fc- 
Then we can find from the proof of Theorem 12.121 that {i 7 fcA ± }^ =0 are slowly increasing. 
Let {yi, . . . ,2/m} be a Z-free basis of d~ x Y . Define the degree by degg 1 *^ = 1 for i = 
1, . . . , M. Let F k A° be the subspace of A = [7° = ¥[q ±yi q ±VM } consisting of the 
elements of degree ^ k. Then {i 7 ) sJ 4 }^ =0 is a slowly increasing filtration of A . These 
satisfies the conditions (a), (b), and (c) of Lemma 1^.131 Therefore A = U q is a tempered 
domain. [] 

From Lemma 12.71 and the above theorem, we immediately obtain the following. 

Corollary 2.15 Let A be the universal enveloping algebra U(g) of a Kac-Moody algebra 
of finite or affine type or a quantized universal enveloping algebra U q of finite or affine 
type. Assume that B is a subalgebra of A and I is a completely prime ideal of B. Then 
B/I is a tempered domain and hence an Ore domain. Q 
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2.4 Truncated g-Serre relations 

In this subsection, we shall explain a method for constructing quotient tempered domains 
of U(xi-) and U~ for any symmetrizable GCM. 
First let us consider the case of q = 1. 

Let A = {aij}ij(zi be a symmetrizable GCM symmetrized by {di} ie i, (Y,X,(,), 
{«i}ie/) a ro °t datum of type A, and g the Kac-Moody algebra associated to 
the root datum. Denote by n_ (resp. b_) the lower part (resp. the lower Borel subalge- 
bra) of g. Let {yi, . . . ,jjm} be a basis of fj = C0%Y. Assume that if i j and Oy 7^ 0, 
then €ij = ±1 and = — e^, otherwise = 0. 

Define the algebra $ to be the associative algebra over C generated by fi (i E I) and 
h E f) with defining relations: 

{7(F)) = 5(f)) is a subalgebra of B; 
[h, fi] = -{h, ati)fi for i E I, h E t); 
[fi, fj] = -tijdidij for i,j E I. 

The last relations are sufficient conditions of Serre relations for {fi}iei and called truncated 
Serre relations. Sending Fi to fi for each i E I, we can regard B as a quotient algebra of 
I7(b_). 

Define the degree by deg fi = deg h — 1 for z E I and /i G |. Let F k B be the subspace 
of B spanned by the elements of degree ^ k. Then {FkB}^ =0 is a slowly increasing 
filtration of B and gr£> = ®^L F^B/Fk-iB is isomorphic to the commutative polynomial 
ring generated by /, (i E I) and (/j, — 1, . . . , M). Therefore £> is a tempered domain. 
By Lemma I2.11[ £> 0Ar is also a tempered domain for any positive integer N. 

We can define the algebra homomorphism <p N : £/(tl_) — > -B®^ by <p N (Fi) = J2u=i fwi 
where = l ^ 1 ) g> F^l ^ - ^. Denote the image of </w by JVjv. Then A/"jv is also a 
tempered domain and hence an Ore domain. Denote J\f\ by M for short. 

Second let us consider a g-analogue of the above construction. 

Let d be the least common denominator of {di]i & i. Set the base field F by F = Q(q 1 ^ d ) 
and qi E F by = Let be the quantized universal enveloping algebra associated 
to the root datum. Denote by U~ (resp. U q (b-)) the lower part (resp. the lower Borel 
subalgebra) of U q . Let {yx, . . . , t/m} be a Z-free basis of 

Define the algebra B q to be the associative algebra over F generated by f\ (i E I) and 
q x (A E d~ l Y) with defining relations: 

U q is a subalgebra of 

q X Uq~ X = q- {X ' ai) U tor i E I, X E d^Y; 

f,i) q,'' J "\i)f, ioxijEL 

The last relations are sufficient conditions of g-Serre relations for and called trun- 

cated q-Serre relations. Sending Fj to fi for each i E I, we can regard £> g as a quotient 

algebra of t/ ? (b_). Denote the image of Ki = in B g by fcj. 

Then i3 g is a subalgebra of a g-Laurent polynomial ring over F generated by (i E I) 
and q Vp - (// = 1, . . . , M) and hence a tempered domain. ByLemma 12.111 B® N is also a 
tempered domain for any positive integer N. 

We can define the algebra homomorphism A^v : U q — > U q N by Ai = idu q = 1, 
A^ = (Aj,_i0l) o A for v = 2, . . . , N. Then we have Ajv(-Fi) = J^„ =1 F iu , where F iv = 
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[K { ) ( v 1 )®Fj0l ( Ar Therefore we can define the algebra homomorphism <p q ^ : U — > 
Bf N by (f) qiN (Fi) = Eli/*, where f iv = (k; 1 )^) <g> / i0 l*("-O. Denote the image of 
0g,Ar by A/^jv- Then A/^jv is also a tempered domain and hence an Ore domain. Denote 
Af Q) i by Af q for short. 

3 Non-integral powers 

3.1 Evaluation mapping between fields of fractions 

Let F be any base field. Let A be a tempered domain over F. Set A = A®F[xi, . . . , Xm] = 
A[x\, . . . ,xm]- Then A is also a tempered domain over F. Denote by K the field of 
fractions of A and by K, that of A. Using the universality of K, we can regard K as a 
subfield of /C. A' = Af x^ 1 , . . . , x^\ is also a tempered domain. We can identifies the field 
of fractions of A! with /C. 

For c = (ci, . . . , cm) G F M , we define the evaluation algebra homomorphism ev c : A — > 
A at c by ev c (/) = f(c) = f(a, . . . , c M ) G A for / G A = A[x ± , x M ]. 

Any element / of /C can be represented as / = for some g,h £ A with g 7^ 0. 
Fix c G F M . Assume that g,h,g',h' G A, g(c),g'(c) 7^ 0, and = g'~ l h' . Since A. is 
an Ore domain, there exist non-zero u, u' G A such that ug = u'g' . Then «/i = ugg~ x h = 
ug'g'~ l h! = u'h'. We have u(c)g(c) = u'(c)g'(u) and u(c)h(c) = u'(c)h'(c). Therefore 
g{c)- x h{c) = (n(c)^(c))- 1 M(c)/i(c) = {vf{c)^{c))- x v!{c)h\c) = cf{c)- x h'{c) in K. This 
means that if / G /C can be represented as / = g -1 /?. for some g,h e A with <?(c) 7^ 0, 
then ev c (/) = /(c) = (7(c) _1 /i(c) G A" is well-defined and does not depend on the choice 
of g and /i. 

Let C be a subset of F M with the following Zariski dense property: 

(D) For every a G F[xi, . . . , %], if a(c) = for all c G C, then a = in F[xi, . . . , 

For example, for any infinite subset C\ of F, the direct product Cf 1 C F A/ has the property 
(D). For every / G A = A <g> F[x x , . . . , x M ], if ev c (/) = /(c) = for all c G C, then / = 
in A. Immediately we obtain the following result. 

Lemma 3.1 Let g, h G A, g 7^ ; and f = g~ x h. Assume that there exit a subset C of 
F M with the property (D) such that g(c) 7^ for all c G C. If ev c (/) = /(c) = for all 
c G C, then f = in K. □ 

Let C be a subset of F A/ with the property (D). Then, for any non-zero b G ¥[xi, ...,%], 
the subset C^ = { c G C | 6(c) 7^ } of C also has the property (D). In fact, for every 
a G F[xi, . . . , xm], if o(c) = for all c G C^ ) then o(c)6(c) = for all c G C. Therefore 
a& = and hence a = in F[xi, . . . , It follows that, for any non-zero gi, . . . , g^ E A, 
the subset C 9lv .. i5JV ^ = { c G C | ^(c) 7^ for all z = 1, . . . , N } of C also has the property 
(D). From this we can obtain the following result. 

Lemma 3.2 Let C be a subset of ¥ M with the property (D). Take any f,f G /C. By 
the definition of the field of fractions K,, there exist g, h,g', h',g", h",u,u' G A such that 
g } g' } g" } u^ 0, / = g'% f = g'^h', ff = (<A)-W ; and f + f = {ug)-\uh + u'h'). 
Then the subset C = C g<g ' :g " :U ^ of C satisfies the property (D) and that ev c (/) ev c (/') = 
ev c (//') and ev c (/) + ev c (/'j = ev c (/ + f) for all ceC. Q 

We shall use these results to justify the conjugation actions of non-integral powers in 
Section 13. 21 
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3.2 Non-integral powers in fields of fractions 

In this subsection, we shall justify the conjugation actions of non-integral powers along 
the lines of the work [6] by Iohara and Malikov. 

Let F be any base field. Let A be a tempered domain over F with generators fa (i G /) 
and defining relations Rx({fi}iei) = (A G A), where R\ (A G A) are elements of the 
tensor algebra T(V) of V = © ieJ F/j. That is, A is the quotient algebra of T(V) modulo 
the two-sided ideal generated by {-Ra}aga- The polynomial ring A[x] = A <g> ¥[x] of one 
variable over A is also a tempered domain over F. We can regard the field of fractions 
Q(A) as a subfield of Q(A[x]). 

Assume that a non-zero element g in A, a countable family {c n }^L of mutually distinct 
elements in F, and an infinite subset F of Z> satisfy the following condition: 

(*) For any i G I, there exists (pi G such that, for all n G T, ev Cn (0j) = <pi(c n ) G 

Q(A) is well-defined and g n fig~ n = (pi{c n ). 

For any A G A and k G T, we have R\({<pi(c n )} ieI ) = R\({g n fig~ n }iei) = 9 k R\({fi}iei)g~ k 
= in Q(A). By Lemma [3TTI R\({<pi(xx)}i e i) = in Q(A[a;]). Therefore we can define 
the algebra homomorphism 7 9>x : A[x] — > Q(v4[x]) by J g , x (fi) — <Pi(x) for i E I and 
Jg,x(x) = ^- Using the universality of the field of fractions we can extend 7 9iX to 

the algebra automorphism of Q(^4[a;]). We call 7 9iX the conjugation action of non-integral 
power of g on 

Assume that ¥[x] is identified with a subalgebra of the polynomial algebra ¥[xf 1 , . . . , 
x^\ of M-variables over F. Then we can also define the algebra automorphism 7 5)IE of 
Q{A[xi, ...,x M }) by 7g, x {fi) = <f>i{x) for i £ I and 'j g , x (x f ,) = x M for fi = 1, . . . , M. 

If c n = n, then ^ g ^ x is denoted by j(g x ). If c n = q n and x is identified with q x , then 
7 giX is denoted by 7(# A ). 

4 Quantized g-analogues of birational Weyl group actions 

In this section, we shall construct quantized g-analogues of the birational Weyl group 
actions arising from nilpotent Poisson algebras proposed by Noumi and Yamada [17] . 

Let A = [aij] be a symmetrizable GCM symmetrized by {di}i £ j. Let A qt o be a quotient 
tempered domain of the lower part U~ of a universal enveloping algebra U q of type A. 
Then A qi o is generated by the images {/j}j 6 / of the lower Chevalley generators {Fi} ie j. 
If A is of finite or affine type, then any quotient integral domain of U~ is a tempered 
domain. See Corollary 12.151 In order to construct the examples for arbitrary cases, see 
Sectional 

4.1 Non-integral power of 

Fix i E I and assume that /j ^ 0. Lemma [2.31 leads to the following formulae: 

BdWMfr" forneZifi^j, 
where ad(/i) fc (/ J ) denotes the image of ad(Fj) fc (Fj) G U~ in ^. gi o : 

rk—v £ fv 
H JjJi ■ 



JTf,l] " Y.'i 



(k-\-aij)(n—k) 



I n 



ad(/,) fc (/,) = j>ir?[ 
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For j G /, define 4>ij(x) G by 

q; {k+aij)k x k+a - aij ., k (x) tuliJYfU))/; k if i ^ J, 



<j>ij(x) 




if % = j, 



where a^^ix) G ¥[x, x x ] for k G Z> are given by 



[x;0) qi [x;-l) qi ---[x;-k + l) q . ^xq\-x 1 q\ 



dij;k\x) — j— j— j , [x;v lqi - - — r 

1i 



Then there exist G -4. 9) o an d hij( x ) G ^4 gj0 [x, x -1 ] such that 4>ij(x) = g~^hij{x). There- 
fore <t>ij(q n ) is well-defined and f™fjf^ n = 4>ij(q^) for all j £ J and fiGZ. 

Let (Y, X, ( , ), {a 4 v }j e /, {ctjjjg/) be a root datum of type A and {7/1, . . . , y^} a Z-free 
basis of d~ x Y . Let A3 be the tensor product algebra A q< o ® = A qt o[q ±yi , . . . ,q ±VM ]. 
Note that q x (A G d~ l Y) commute fj (j G /) in A q . Take any X EY . Identifying x with 
Qi = q diX , we regard ¥[x] as a subalgebra of U q . Using the result of Section [3T2| we can 
define the algebra automorphism 7(/ 4 A ) of Q(A q ) by j(fi)(fj) = tpijili) for j £ I and 
7(/j A )(g M ) = for /i G d~ x Y . More explicitly we have 



(4-1) 7(/f)(/i) = 



/• -ay 

I 9 (fe+ay)(A-fe) 



fc=0 



Note that the right-hand side is a Laurent polynomial in g A . 

For the g = 1 cases, we have the same construction as the above. Let Aq be a quotient 
tempered domain of the universal enveloping algebra of the lower part n_ of a Kac- Moody 
algebra q of type A. Then Aq is generated by the images {fi}iei of the lower Chevalley 
generators {Fi} ie j. Let A be the tensor product algebra Ao ® U(fy) = Ao[yi, . . . , y^]. 
Then we can define the algebra automorphism 7(/ A ) of Q(A) by j{fi)(h) — h for h G f) 
and the g — > 1 limit of (14.11) : 



(4-2) 7(tf)(/i) = < ^ U 




) ad(/,) fe (/i)/r fe if ^ ^ J, 
if z = j, 



where ad(X)(Y) = [X,Y] and g) = A(A - 1) • • • (A - k + l)/k\. The left-hand side of 
(14. 2 p is a polynomial in A. 

Remark 4.1 Formula (14.21) (resp. (14. ip ) can be regarded as a quantization (resp. quan- 
tized g-analogue) of Formula (1.9) in [T7j proposed by Noumi and Yamada. 

Simply Formula (14.21) is the q — *■ 1 limit of Formula (14. ip . Note that the q — > 1 limit 
is not a classical limit because (14.21) is a formula in a non-commutative algebra. 

Let us explain how to obtain Formula (1.9) in [17] as the classical limit of Formula 
(14. 2p . We replace fi by ft~Vi an d A by /i" 1 A i and define ad^ by ad^(X)(F) = fir^X, Y], 
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where h denotes the Planck constant. Assume that i ^ j. Then Formula (14.21) is equivalent 
to 

(4.3) j(vV Xi )M = E HK - h) ---^- {k ~ 1)h) ,u^\^7 k - 

k=0 

The classical limit of K~ l \X, Y] should be the Poisson bracket {X, Y}. Thus, as the 
classical limit of (14. 3p . we can obtain Formula (1.9) in [T7] : 

s 'N = fi(-) ad {} (^) fc (^), ad {} (X)(F) = {X,F}. □ 
fc=o ' V^i/ 

4.2 Quantization of birational Weyl group actions 

In the previous subsection, we have constructed the conjugation action 7(/ A ) of a non- 
integral powers / A on the field of fractions Q(A q ), where i G /, A G Y, and A q is the tensor 
product algebra of a quotient tempered domain A q $ of U~ and the Cartan subalgebra 
[7° of U q . We denote by fi the image of Fi in A?,o- We identify A q with the Laurent 
polynomial ring A q fi[q ±yi , . . . , q ±VM ], where {y\, . . . , jjm} is a Z-free basis of Note 
that q x (A G d^Y) commute fi in ^4 9 . 

The Weyl group W = (si\i G /) acts on Y. (See Section fl~2l ) This action naturally 
extends to those on g?~ 1 F and C/° = © Aed -iy Fg A . In this subsection, we denote by w the 
action of w G FT on [/? regarded as a subalgebra of *4. g : 



5 i ( g A ) = g ^ A ), Si (A) = A - (A, a^ctf for i G J, A G dT x Y. 

The action w of w G If on (7° is extended to the action on A q by w(fi) = fi for i G /. 
The induced action of w on Q(Aj) is also denoted by w. 

Lemma 4.2 For any i,j G / and A G F, 7(//) ° &i — §i ° j(fj ) on Q(A q ). 
Proof. Take any k E I and /i G Then we have 

7(/ 3 A )o5 J (/ fc )=7(/ ? A )(/ fc )=^ fc (9-), 



7(//)o5 J ^)= 7 (//)(^ (M) ) = ^ (M) , 



■7(/f (A) )(^) = ^(g^) = ^ M . 

This proves the above lemma. fj 

Theorem 4.3 (quantized birational Weyl group action) For i G / we define the 
algebra automorphism Si of Q(A q ) by Si — §i o ai ) = ^(f^ ) o §j. Then the action 
of the Weyl group W on Q(A q ) is defined by Si(x) = Si(x) for i G / and x G Q(A q ). 
Explicitly, the following formulae define a representation of the Weyl group in algebra 
automorphisms ofQ(A q ): 



ij 

(k+aij)(ay -k) 



b i\Jj) — \ , ,, L ft J qi 

ifi =J, 
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Proof. It is sufficient to show the braid relations of {Si}i £ i and Sf = 1 for % G I. 

First let us prove Sf = 1. It is sufficient to show that Sf(fj) = fj. Since Sf(fi) = f 

is trivial, we can assume i ^ j. Using Lemma 14.21 we have Sf = 7(/"' ) ° 7(/j ). 
Sf(fj) is a Laurent polynomial ^(q** ) of q** with coefficients in Q(A q ). Then we have 

= //'(./; "fjf")f " = fj for all n G Z. Therefore we obtain SfCf,) = = fj. 

Second let us prove the braid relations for {Si}^. Assume that i ^ j and (ay, a^) = 
(0,0), (-1, -1), (-1, -2), or (-1,-3). We define the sequences (i 1 ,...,i n ), (ji,...,j n ) 
as follows. If (%-, a^) = (0,0), then n = 2, («i,« 2 ) = and C/15J2) = CM)- If 

(di^aji) = (-1,-1), then n = 3, (21,22,13) = and (ji,j 2 ,j 3 ) = (j, j)- If 

(tXi^jOji) = (-1,-2), then n = 4, (zi,...,i 4 ) = and (ji, - • - , J 4 ) = 

If (aij,aji) = (-1,-3), then n = 6, (z'i,...,i 6 ) = and (ji, . . . , j 6 ) = 

(j, i,j, i,j, i). Then the braid relation to be shown is written as S^ . . . S in = Sj x . . . Sj n . 

For p = l,...,n, we set X p = Vvr"*wK) and = s j n s j n -i ' ' ' s j P +i{ a ] p )- 
Then A p = a p a( + and /i p = c p o7 + d p aj for some a p , b p .c p , d p G Z> . (See Example 

O) For k, I G Z^ , we set u k)l = f° lk+bl1 ■ ■ ■ /f n " fc+M and v k>l = ~ ■ f% k+dnl . Then 

u(k,l) (resp. v(k,l)) is the image in A q $ of the left-hand side (resp. right-hand side) of 
the corresponding formula in Example 11.111 For example, if (aij,a>ji) = (—1,-1), then 
u(k, I) = fifj +l fi The Verma relations mean that u(k, I) = v(k, I) for all k, I G Z> . 

By Remark 11.121 and Lemma 14.21 the condition S^ . . . Si n = Sj 1 . . . Sj n is equivalent to 
l(fh Xl ) ■ ■ ■ l(fi~ n Xn ) = 7(/j\ Ml ) ' ' " 7(/j7")- Denote the left-hand side by J and right-hand 
side by ip. Fix any t G I. Then 4>{ft) an d ip(ft) belong to Q{A q ^[q i ai , q^ 013 ]). We denote 

<Kfk) by Hq; a \q; a] ) and v>(/») by y( q ; a \ q ; a h- 

From Lemma \3. 21 and the definition of 'j(f^), it follows that there exists a subset T of 
Z> with the following properties: 

(1) If fix, y) G Aqfiix, y] and f(qf , gj) = for all (A;, Z) G T, then f(x, y) = in ^, [x, ?/]. 

(2) §(qf,q l j) and ^(gf , gj) are well-defined for all Z) G T. 

(3) $(gf,gj) = u(k,l)f t u(k,l)- 1 and $(gf,gj) = v(k,l)f t v(k,iy 1 for all (Jfe, Z) G Y. 

Using the Verma relations, we obtain that &{q k ,q l j) = ^{q k ,q^) for all (k,l) G T. From 

Lemma I3TT1 it follows that <f>(ft) = $(?j "* , ^ aj ) = ^(^ a< , ?j ) = fp(ft)- We have just 
completed the proof. fj 

Remark 4.4 In Theorem I4.3[ we construct the representation of the Weyl group W in 
algebra automorphisms of Q(A g ). This can be regarded as a quantized q- analogue of the 
birational Weyl group action arising from a nilpotent Poisson algebra proposed by Noumi 
and Yamada in [17]. See also Remark 14.11 fj 

5 Quantized birational Weyl group actions of Hasegawa 

In this section, we shall reconstruct the quantized birational Weyl group actions of 
Hasegawa 0]. 

Let A = {aij}i j(zj be a symmetrizable GCM symmetrized by {d^^i, d the least 
common denominator of {di} i€ i, (Y,X,(,), {a^} i( zj, {ai} i£ i) a root datum of type A. Let 
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{yi, . . . , Dm} be a Z-free basis of d 1 Y. Assume that if i ^ j and ^ 0, then = ±1 
and €ji = —Cij-, otherwise = 0. Set the base field F by F = Q(q 1 ^ d ) and g € G F by 

g< = <? dl - 

Consider the tempered domain B q defined in Section [2T4l For i G 7, define /a, /i2 G 
<B 9 (8) i3 g by /a = fi®l and /i2 = ® /j. Note that fa + fa (i G 7) are the images of the 
lower Chevalley generators Fi in B q ® B q . Therefore fa + fa (i G 7) satisfy the g-Serre 
relations (Section 11.51) and hence the Verma relations (Section 11.71) . 

Let A q fi be the subalgebra of B q <S> B q generated by fa, fa (i G 7). Then A q $ is 
identified with the algebra over F generated by fa, fa (i G 7) with defining relations: 

fafjv = q' 6 ' 3 ^ ' fjufiv for i,j G I, v = 1, 2, 
fafjt = q? 3 fjifii for i,j G 7. 

Note that q^' 3 = q^ 3 ' because c^a^- = dja^. 

Let A q be the tensor product algebra A q $ ® U q . Then A q can be identified with 
the Laurent polynomial ring A q fl [q ±vi , . . . , q ±VM ] with coefficients in A q> o. For * G 7 and 
A G d- x Y, we identify / a 0l, / i2 0l, l0l ® g A G A, with / a , / i2 , g A G A q , [q ±Vl , . . . , g ±2/A j 
respectively. Note that g A commutes and in A g for A G <i _1 F and i G 7. Since Aj 
is also a tempered domain and hence an Ore domain, there exists the field of fractions 
Q(A q ) of A q . 

For i e J, define G Q(A g ) by <?j = fa 1 fa- Let A^o (resp. Aq) be the subalgebra 
of Q(A q ) generated by gi (i G 7) (resp. generated by gi (i G 7) and q x (A G <i _1 F)). 
Then A q fl can be identified with the algebra over F generated by gi {% G 7) with defining 
relations: 

(5.1) .'/;.'/.; q, 2 ' '''"'''.'/,.'/, for i,j E I. 

Furthermore A q can be identified with the Laurent polynomial ring A qj o[q ±yi , . . . , q VM \. 
Note that q x commutes g, in A q for A G rf" 1 !^ and i G 7. Since A 9 ,o and A g are tempered 
domains, there exist the fields of fractions Q(A q $) and Q(A ? ). We have also Q(A q) o) C 
Q(A)cQ(I,). 

In [3j, Hasegawa constructed a representation of the Weyl group W = W(A) in algebra 
automorphisms of Q(A q ). Our aim is to reconstruct it by the same method as in Section 
H 



5.1 Non-integral power of fa + fa 

Applying the g-binomial theorem (Lemma ll.3p to fa fa = qffafa, we obtain 
(fa + faT = G Q(A q ) for n G Z, 

{9i)qi,oo 

where (x)i j00 = n^Lo^ + 1i Ux )- The infinite products in the right-hand side cancel each 
other out except finite factors. Using ( 15.11) . and fagj = qf* 3 3 gjfa, we obtain 

(fa + fa) n g,(u + fi2r n 

_ (ey-l)ayn (<Zj J ^gj 9i)qi,oo (9i)qi ! oo 
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for n eZ. More explicitly we have (f a + fi 2 ) n gj{fa + fn) 
4>ij{x) G (5(^g,oN) G I) are defined by 



(f)ij(x) 




if €ij = +1, 



(g™) for n G Z, where 



if i = j, 
if a,-,- = 0, 



Take any A G K. Identifying x with g A = q diX , we regard F[x] as a subalgebra of Z7°. 
Using the result of Section [3^21 we can define the algebra automorphism ^((fn + fi2) X ) of 
Q{A q ) by j{(fa + / l2 ) A )fe) = ^ j G I and 7 ((/ il + f i2 ) A )(^) = q» for /i G c^Y. 

Remark 5.1 We have shown that the conjugation action of a non-integral power (fn + 
fi2) x on Q(A q ) is well-defined. Recall that the subalgebra of B q (g) i3 g generated by {fn + 
fi2}i£i is denoted by M q ^ in Section [2^41 Although the conjugation action of (fn + fi2) on 
Q(Nq,2<S>Uq) is well-defined by Theorem 14 .31 it does not reconstruct Hasegawa's action. [] 

5.2 Reconstruction of Hasegawa's Weyl group actions 

The Weyl group W = (si\i G 7) acts on U9. This is naturally extended to the action on 
Q(A q ) so that each w G W trivially acts on {#i}i e j. In this subsection, we denote by w 
the action of w G W on Q(A q ): w(gi) = g% for i G 7 and w)(g A ) = g w ( A ) for A G d _1 Y. 

Theorem 5.2 For i E I we define the algebra automorphism Si of Q(A q ) by Si = s~i o 
7((/a + fi2)~ a ') = liifn + fi2) a *) ° Sj. T/ien #ie acton of the Weyl group W on Q{A q ) 
is defined by Sj(x) = Si(x) for i G 7 and x G Explicitly, the following formulae 

define a representation of the Weyl group in algebra automorphisms of Q(A q ): 



Si{gj 



9j 



n 

u=0 



2(-oy)aV 



1 , 2v ~ 2a i 

1 + Qi Qi 9i 

"Q 1 • '17 'I, <J< 



v=0 



1 + qfg. 



q 



[9 j 

«i (A) 



5 



ifi = 



+1, 



Proof. Since fn + /j2 (i G 7) satisfy the Verma relations, we can prove the theorem by 
the same argument as in the proof of Theorem 14.31 Appropriately replacing f i i and fi 
in the proof of Theorem 14.31 by [fn + fi2) a "> and g$ respectively, we obtain the proof of 
the above theorem. [] 
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Remark 5.3 (Hasegawa's Weyl group action) In Theorem 15 .21 we construct the rep- 
resentation of the Weyl group W in algebra automorphisms of Q(A q ). This can be re- 
garded as a reconstruction of the Weyl group action constructed by Hasegawa in [4] . Set 
dj = qf* and = gt for i E I. Do not confuse these F^ with the lower Chevalley 
generators. Then A q can be identified with the algebra generated by F{ (i G /) and q x 
(A G d~ l Y) with defining relations: 

/•;/•• 7; 2 ' '"'/•}/•; forijei, 

q° = 1, g A <f = g A+A \ g A F; = for A,/iG 

The explicit formulae of the Weyl group action in Theorem 15.21 can be rewritten as 

t= Q ai + Qi F i J 



SiiFj) = I / " ■ . .;2,<. 



ni 



if e*,- = -1, 



otherwise, 



in particular Sj(%) = Oj-a^ 



-a 



These formulae essentially coincide with those of Hasegawa. Compare these with Hasegawa's 
formulae, Equation (8) in [4] for the A^ 1 ' case and the example for the B 2 case below The- 
orem 4 in [4]. 

Let us explain the classical limit of Hasegawa's action. Set q = e v . In the above 
setting, replace q by q h and A G d~ l Y by fir 1 A. Then q x is replaced by itself and 

h- 1 ^, Fj] = tr^FiFj - FjFi) = ••2// ((/ /,r/, , /•;/•} mod h. 

Hence the classical limit A c q l of the algebra A q is the commutative Poisson algebra gener- 
ated by Fi (i G I) and q x (A G d _1 y) with Poisson brackets defined by 

{Fi,Fj} = •- 2 ,,/•',/•) for i, j G J, 

{ g A , q»} = { g A , = for A, fj, G cT 1 !", i G /. 

The classical limit of the above Weyl group action can be simply written as 



where eij = g"' = q dia v . This action preserves the Poisson brackets of Q(Af). The 

classical case of type A^ was found by Kajiwara, Noumi, and Yamada in [8]. See Equation 
(6) of [8J. In [4], Hasegawa quantized its generalization to an arbitrary symmetrizable 
GCM case. □ 
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